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Following a general protocol of periodically driving static first-order topological phases (sup-
porting surface states) with suitable discrete symmetry breaking Wilson-Dirac masses, here we
construct a hierarchy of higher-order Floquet topological phases in three dimensions. In particular,
we demonstrate realizations of both second-order and third-order Floquet topological states, re-
spectively supporting dynamic hinge and corner modes at zero quasienergy, by periodically driving
their static first-order parent states with one and two discrete symmetry breaking Wilson-Dirac
mass(es). While the static surface states are characterized by codimension dc = 1, the resulting
dynamic hinge (corner) modes, protected by antiunitary spectral or particle-hole symmetries, live
on the boundaries with dc = 2 (3). We exemplify these outcomes for three-dimensional topological
insulators and Dirac semimetals, with the latter ones following an arbitrary spin-j representation.
Introduction. The hallmark of topological phases of
matter, the bulk-boundary correspondence, beyond the
territory of static systems [1–6], is also operative on dy-
namic or driven quantum materials [7–19]. However,
the bulk-boundary correspondence in dynamic systems
is more subtle due to the nontrivial role of the time
dimension. As such a static trivial phase can acquire
nontrivial topology under suitable periodic drive, for ex-
ample. The resulting Floquet topological phase, due to
the time translational symmetry, then features topologi-
cal boundary modes appearing dynamically as steady or
nondissipative localized states.
Typically, a d-dimensional topological phase supports
boundary modes on (d − 1)-dimensional interface with
vacuum, also characterized by the codimension dc =
d − (d − 1) = 1. The known examples are the edge
(surface) states of two- (three-) dimensional topologi-
cal insulators and semimetals [1–6]. The concept of the
bulk-boundary correspondence has been recently gener-
alized to topologically protected modes living on bound-
aries of codimension dc = n > 1, with n as an inte-
ger [20–39]. Frequently encountered examples of such
lower-dimensional boundary modes in so-called higher-
order topological states are the corner and hinge modes,
respectively characterized by dc = d and d − 1. Al-
though the generalized bulk-boundary correspondence
has been extended to driven or Floquet setups [40–51],
it somewhat exclusively focuses on two-dimensional sys-
tems (see, however, Ref. [46]), supporting only Floquet
corner modes. Here we show how one can systemati-
cally realize three-dimensional (3D) Floquet second-order
and third-order phases, respectively supporting dynamic
hinge and corner modes at zero quasienergy [Figs. 1-
4], by periodically driving static first-order topological
phases (both insulators and semimetals) with discrete ro-
tational symmetry breaking Wilson-Dirac masses.
We now present a summary of our main results. We
show that when periodically driven by a four-fold (C4)
symmetry breaking Wilson-Dirac mass, a 3D static first-
order topological insulator (FOTI), supporting surface
states, can be converted into a Floquet second-order
topological insulator (SOTI), accommodating four one-
dimensional hinge modes along the symmetry breaking
z axis, for example, see Fig. 1. As the parent 3D static
FOTI involves four mutually anticommuting Hermitian
matrices, one can realize only a Floquet SOTI when the
Γ matrices are four-dimensional. On the other hand,
an eight-dimensional representation of the Γ matrices,
thus permitting additional anticommuting mass matri-
ces, when accompanied by a suitable discrete symmetry
breaking momentum-dependent form factor, facilitates
realization of a Floquet third-order topological insulator
(TOTI), supporting eight zero quasienergy corner modes,
see Fig. 2. By contrast, a 3D first-order Dirac semimetal
(FODSM), supporting Kramers degenerate Fermi arc
surface states and following arbitrary spin-j representa-
tion, can always be augmented by two discrete symmetry
breaking masses. They allow realizations of both Flo-
quet second-order Dirac semimetal (SODSM) and third-
order Dirac semimetal (TODSM), respectively support-
ing one-dimensional hinge and pointlike corner states at
zero quasienergy. We explicitly demonstrate these out-
comes for spin-1/2 [Fig. 3] and spin-1 [Fig. 4] Dirac sys-
tems. Importantly, the dynamic hinge and corner modes
are always pinned at zero quasienergy by an antiunitary
particle-hole symmetry [30, 45].
Floquet HOTI. First we demonstrate generation of
a dynamical higher-order topological insulator (HOTI)
within the Floquet framework starting from a static
FOTI, described by the Hamiltonian [52, 53]
HstatFOTI = t
3∑
j=1
Γj Sj + Γ4 [(m− 6t0) + 2t0
3∑
j=1
Cj ]
≡
4∑
j=1
Nj(k) Γj , (1)
with Sj ≡ sin(kja), Cj ≡ cos(kja), and k as momen-
tum. We set the lattice spacing a = 1 hereafter. The
mutually anticommuting four-component Γ matrices are
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2Γi = σ1τi, for i = 1, 2, 3, and Γ4 = σ3τ0. The Pauli
matrices τµ (σµ) operate on the orbital (spin) degrees of
freedom. For 0 < mt0 < 4 the band inversion takes place at
the Γ = (0, 0, 0) point of the Brillouin zone. The result-
ing topological surface states get pinned at zero energy
due to both unitary and antiunitary spectral or particle-
hole symmetries, generated by the operators B = Γ5,
with Γ5 = σ2τ0, and A = σ2τ2K, respectively, since
{HstatFOTI, B} = {HstatFOTI, A} = 0, where K is the complex
conjugation. To generate a Floquet SOTI we periodically
kick the FOTI by the HOT mass term
V (t) = V1 Γ5
∞∑
r=1
δ (t− r T ) , (2)
where V1 =
√
3∆1 (cos k1 − cos k2) is the discrete C4
symmetry breaking Wilson-Dirac mass and T is the kick-
ing period. In a static system V1Γ5 term gaps out
otherwise gapless surface modes of the FOTI on both
xz and yz surfaces leaving only their four intersections,
where V1 changes its sign, gapless. As a consequence,
the static SOTI, described by the Hamiltonian HstatSOTI =
HstatFOTI + V1Γ5, features one-dimensional gapless propa-
gating hinge modes along the C4 symmetry breaking z
axis. By contrast, the xy surfaces continue to host gap-
less states, as V1 vanishes at the center of the correspond-
ing surface Brillouin zone. Next we show when a static
FOTI [Eq. (1)] is periodically kicked by such a discrete
C4 symmetry breaking Wilson-Dirac mass [Eq. (2)], it
dynamically generates a Floquet SOTI, supporting one-
dimensional Floquet hinge modes.
To this end, we compute the Floquet operator associ-
ated with the Hamiltonian HstatFOTI + V (t), given by
U(k, T ) = TO
(
exp
[
−i
∫ T
0
[
HstatFOTI + V (t)
]
dt
])
= exp(−iHstatFOTI T ) exp(−iV1 Γ5), (3)
where ‘TO’ stands for the time-ordered product. After a
single kick, the Floquet operator assumes the form
U(k, T ) = CT [n0 − in5Γ5]− iST
4∑
j=1
[njΓj +mjΓj5] ,
(4)
where Γjk = [Γj ,Γk]/(2i), CT = cos(|N(k)|T ), ST =
sin(|N(k)|T ), n0 = cos(V1), n5 = sin(V1), and (nj ,mj) =
Nj(k) (n0, n5)/|N(k)| for j = 1, · · · , 4. The effective
Floquet Hamiltonian HFlq = i ln(U(k, T ))/T reads
HFlq =
k
sin(kT )
[
ST
4∑
j=1
(nj Γj +mj Γj5) + CT n5 Γ5
]
(5)
with k = arccos(CTn0)/T , which in the high frequency
limit (T → 0, V1 → 0, but finite V1/T ) takes the form
HHFFlq =
4∑
j=1
Nj(k)Γj + V1
4∑
j=1
Nj(k)Γj5 +
V1
T
Γ5. (6)
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FIG. 1: (a) LDOS for the zero energy surface states of a
static FOTI for t = 2t0 = 1 and m = 1 [Eq. (1) involv-
ing four-dimensional Γ matrices]. (b) LDOS associated with
one-dimensional Floquet hinge modes with zero quasienergy
after periodically kicking a static FOTI with the C4 symmetry
breaking Wilson-Dirac mass term [Eq. (2)] for ∆1 = 0.17 and
drive frequency ω(= 2pi/T ) = 10  t, t0 (ensuring the high
frequency regime). Notice that the hinge quasimodes are lo-
calized along the C4 rotational symmetry breaking z axis. In
both cases, the LDOS is normalized by its maximal value.
Therefore, the effective Floquet Hamiltonian (HFlq or
HHFFlq) only preserves the antiunitary particle-hole sym-
metry, since {HFlq, A} = 0 = {HHFFlq, A}, which in turn
pins the dynamical hinge modes at zero quasienergy.
To show the hallmark hinge modes of the Floquet
SOTI, next we numerically solve for the zero quasienergy
states of the Floquet operator in Eq. (3), satisfying
U(k, T ) |φn〉 = exp(iµnT ) |φn〉 (7)
on a cubic lattice with open boundaries in all three direc-
tions. Here, |φn〉 is the Floquet state with quasienergy
µn. In Fig. 1(b), we display the local density of states
(LDOS) associated with the (almost) zero [O(10−6)]
quasienergy Floquet states, starting from a parent FOTI,
supporting surface states [Fig. 1(a)]. Therefore, when a
static FOTI is periodically kicked by a mass term, break-
ing the C4 rotational symmetry about the z axis, the
one-dimensional zero quasienergy Floquet hinge modes,
guaranteed by the antiunitary particle-hole symmetry
A−1U(k, T )A = U?(−k, T ), appear along the symme-
try breaking z axis. Analogously, the breaking of the C4
rotational symmetry about the x or y axis results in the
hinge modes along the same axis.
Notice that four-dimensional Hermitian matrices ac-
commodate maximal five mutually anticommmuting ma-
trices. We have exhausted all of them to generate a static
or Floquet SOTI. Therefore, we cannot proceed further
to explore the hierarchy of HOTIs and construct a TOTI,
supporting corner modes, by partially gapping out the z
directional hinge and xy surface modes. This constraint
is removed when the Γ matrices are eight-dimensional,
which, on the other hand, sustain seven mutually anti-
commuting matrices. For concreteness, we commit to the
3following representation of seven mutually anticommut-
ing eight-dimensional Hermitian Γ matrices
Γ1 = Σ1σ1τ1,Γ2 = Σ1σ1τ2,Γ3 = Σ1σ1τ3,Γ4 = Σ1σ3τ0,
Γ5 = Σ1σ2τ0, Γ6 = Σ3σ0τ0, Γ7 = Σ2σ0τ0. (8)
The newly introduced Pauli matrices Σµ operate on the
sublattice degrees of freedom, for example. Next we pe-
riodically drive such a FOTI by two discrete symmetry
breaking Wilson-Dirac masses
V (t) =
(
V1 Γ5 + V2 Γ6
) ∞∑
r=1
δ (t− r T ) , (9)
where V2 = ∆2(2 cos k3 − cos k1 − cos k2).
Before delving into the topology of such driven system,
let us ignore the time dependence of two Wilson-Dirac
masses and consider the following static Hamiltonian
HstatTOTI = H
stat
FOTI+V1 Γ5+V2 Γ6 ≡ HstatSOTI+V2 Γ6. (10)
Recall that the spectrum of HstatSOTI = H
stat
FOTI + V1Γ5 (for
∆2 = 0) supports four gapless hinge modes along the z di-
rection and gapless surface states on the xy planes, where
V1 vanishes. The second Wilson-Dirac mass V2 vanishes
only along eight body-diagonal (±1,±1,±1) directions,
when simultaneously present with V1 [54]. Hence, V2 fur-
ther gaps out the gapless modes of HstatSOTI, leaving only
eight corners of the cubic system gapless. As a result
HstatTOTI supports eight corner modes and we then realize a
static TOTI. This conclusion can be further corroborated
by the fact that the above Hamiltonian is equivalent to
the 3D Benalcazar-Bernevig-Hughes (BBH) model, also
featuring eight corner modes [20]. Namely, for a specific
choice of parameters ∆1 = ∆2 =
√
2t0, the Hamilto-
nian in Eq. (10) maps onto the BBH model, given by
HBBHTOTI = H1 +H2 +H3, where for j = 1, 2, 3
Hj = [λ+ t1 cos(kj)] γ2j + t1 sin(kj)γ2j−1, (11)
and γj are mutually anticommuting eight-dimensional
Hermitian matrices, satisfying {γj , γk} = 2δjk, describ-
ing an octupolar insulator for |λ/t1| < 1. The mapping
between HstatTOTI and H
BBH
TOTI is then set by t1 = 2
√
3t0,
λ = (m− 6t0)/
√
3, γj = Γj for j = 1, 3, 5, and
γ2 =
Γ4√
3
+
Γ5√
2
− Γ6√
6
, γ4 =
Γ4√
3
− Γ5√
2
− Γ6√
6
,
γ6 =
Γ4√
3
−
√
2
3
Γ6. (12)
The corner modes of are pinned at zero energy due
to both unitary and antiunitary particle-hole symmetry
of HstatTOTI, respectively generated by B = Γ7 [Eq. (8)]
and A = Σ1σ2τ2K, as {HstatTOTI, B} = 0 = {HstatTOTI, A}.
Next we show that this mechanism is also operative in
the dynamical realm: when a static FOTI is periodically
driven by two Wilson-Dirac masses [Eq. (9)], one dy-
namically generates eight Floquet corner modes at zero
quasienergy, and concomitantly a Floquet TOTI.
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FIG. 2: LDOS for (a) surface states of a static FOTI (involv-
ing eight-dimensional Γ matrices), (b) dynamic hinge modes
of Floquet SOTI (by periodically driving a static FOTI by
V1), and (c) dynamic corner modes of Floquet TOTI (by pe-
riodically driving a static FOTI by V1 and V2), for t = t0 = 1,
m = 2, ∆1 = ∆2 = 0.3, and ω = 10 t, t0 (assuring the high
frequency regime), see Eq. (9). We also find dynamic corner
modes as in (c), when a static SOTI is periodically driven by
V2. Throughout LDOS is normalized by its maximum value.
The effective Floquet Hamiltonian is obtained
from the corresponding Floquet operator U(k, T ) =
exp(−iHstatFOTI T ) exp(−iV1Γ5− iV2Γ6), which in the high
frequency limit reads as
HHFFlq =
4∑
j=1
Nj(k) [Γj + V1Γj5 + V2Γj6] +
2∑
j=1
Vj
T
Γj+4.
(13)
Its spectral symmetry is guaranteed only by the antiu-
nitary operator A = Σ1σ2τ2K. By diagonalizing the
Floquet operator U(k, T ) on a cubic lattice with open
boundaries, we find eight sharp corner localized modes
at zero quasienergy, since A−1U(k, T )A = U?(−k, T ),
the hallmark of a Floquet TOTI, see Fig. 2.
Alternatively, one can start with a static SOTI, de-
scribed by the Hamiltonian HstatSOTI, and periodically
drive the system with the second Wilson-Dirac mass
(V2). The corresponding Floquet operator U(k, T ) =
exp(−iHstatSOTI T ) exp(−iV2Γ6) yields an effective Floquet
Hamiltonian, which in the high frequency limit reads
HHFFlq =
5∑
j=1
Nj(k)Γj + V2
5∑
j=1
Nj(k)Γj6 +
V2
T
Γ6, (14)
with N5(k) ≡ V1. Once again its spectral symmetry is
guaranteed by the antiunitary operator A = Σ1σ2τ2K,
and A−1U(k, T )A = U?(−k, T ). By diagonalizing the
corresponding Floquet operator U(k, T ), we find eight
sharp corner localized modes with zero quasienergy and
a Floquet TOTI from a static SOTI, see Fig. 2.
Floquet HODSM. We now study 3D higher-order Dirac
semimetals (HODSMs). A static FODSM, following the
spin-j representation, is described by the Hamiltonian
HstatFODSM =
3∑
j=1
Nj(k) Γj , (15)
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FIG. 3: LDOS associated with (a) zero energy surface Fermi
arc states of a FODSM, (b) zero quasienergy hinge modes in
a Floquet SODSM, and (c) zero quasienergy corner modes
in a Floquet TODSM, respectively obtained by periodically
driving the FODSM with only V1, and V1 and V2, in a spin-
1/2 Dirac system. Here we set t = tz = m = 1, ∆1 = 0.3,
∆2 = 0.3 and ω = 10 (ensuring the high frequency regime) in
Eqs. (15) and (16). One can also obtain zero quasienergy cor-
ner modes as in (c), by periodically driving a static SODSM,
supporting four zero energy hinge modes, with V2. Through-
out LDOS is normalized by its maximum value.
where Nj(k) = t sin(kj) for j = 1, 2, and N3(k) =
tz cos k3+m(cos k1+cos k2−2). The 2(2j+1)-dimensional
Γ matrices are Γ1 = S1τ3, Γ2 = S2τ0, Γ3 = S3τ0, where
S are the spin-j matrices. Only for spin-1/2 systems,
with S ≡ σ, three Γ matrices mutually anticommute.
Nevertheless, for any half integer j, the valence and
conduction bands touch at two Dirac points located at
k? = (0, 0,±pi/2) when t = tz = m = 1, yielding (2j + 1)
copies of linearly dispersing bands in their vicinity. On
the other hand, for an integer j, besides 2j linearly dis-
persing bands the system supports a trivial flat band at
zero energy. Irrespective of the value of j, a FODSM ac-
commodates 2j copies of Kramers degenerate Fermi arc
surface states [27, 55]. In the real space they occupy xz
and yz surfaces, as shown in Figs. 3 and 4, respectively
for j = 1/2 and j = 1. The Fermi arc states are pinned
at zero energy by the antiunitary particle-hole symmetry,
generated by A = Mad τ3K, where Mad is the (2j + 1)-
dimensional antidiagonal matrix. To dynamically gener-
ate HODSM, we periodically drive the FODSM by the
discrete symmetry breaking Wilson-Dirac masses
V (t) =
2∑
j=1
Vj Γ3+j
∞∑
r=1
δ (t− r T ) , (16)
where V1 = ∆1 (cos k1 − cos k2), V2 = ∆2 sin(2k3), Γ4 =
Mad τ1 and Γ5 = Mad τ2.
Neglecting the time dependence of V (t), we first fo-
cus on the static Hamiltonian HstatHODSM = H
stat
FODSM +
V1Γ4+V2Γ5, which describes a static SODSM (TODSM)
for |∆1| 6= 0 and ∆2 = 0 (|∆1|, |∆2| 6= 0). Notice that
V1 (V2) represents quadrupolar (dipolar) order, but both
of them vanish at the Dirac points k?, leaving them un-
affected. In particular, as in the case of the SOTI, the
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FIG. 4: Same as Fig. 3, but for spin-1 Dirac systems.
Wilson-Dirac mass V1Γ4 yields a SODSM with four hinge
states in the z-direction [25, 27, 33, 35]. The term V2Γ5
then acts as a mass domain wall for these hinge states and
gaps them out everywhere except at the eight corners,
yielding a TODSM. Both the hinge and corner modes
are pinned at zero energy as {HstatHODSM, A} = 0. We
now periodically drive a FODSM with V (t) [Eq. (16)]
and generate Floquet SODSM and TODSM, respectively
with hinge and corner modes at zero quasienergy.
The corresponding Floquet operator U(k, T ) =
exp(−iHstatFODSMT ) exp(−iV1Γ4 − iV2Γ5), satisfies the
antiunitary particle-hole symmetry A−1U(k, T )A =
U?(−k, T ) for arbitrary ∆1, ∆2, and j. Indeed by di-
agonalizing this Floquet operator on a cubic lattice with
open boundaries we find (1) a SODSM with four zero
quasienergy hinge modes for ∆2 = 0 and (2) a TODSM
with zero quasienergy corner modes when both ∆1 and
∆2 are finite. Even though our results hold for arbi-
trary value of j, here the results are displayed for only
j = 1/2 and j = 1 in Figs. 3 and 4, respectively. Only for
j = 1/2 the effective Floquet Hamiltonian can be written
compactly, which in the high frequency limit reads
HHFFlq =
3∑
j=1
Nj(k) [Γj + V1Γj4 + V2Γj5] +
2∑
j=1
Vj
T
Γj+3,
(17)
as T,∆1,2 → 0, but ∆1,2/T is finite, and preserves the
antiunitary particle-hole symmetry as {HHFFlq, A} = 0.
Alternatively, one can also start with a static SODSM,
described by the Hamiltonian HstatSODSM = H
stat
FODSM +
V1Γ4, supporting four zero energy hinge modes, and
periodically drive the system with the second Wilson-
Dirac mass V2Γ5. The corresponding Floquet opera-
tor U(k, T ) = exp(−iHstatSODSM T ) exp(−iV2Γ5) satisfies
A−1U(k, T )A = U?(−k, T ). By diagonalizing U(k, T )
on an open cubic lattice we find zero quasienergy corner
modes, hallmark of a TODSM, see Figs. 3 and 4.
Summary and Discussion. Here we show that start-
ing from a first-order topological phase (insulator or
semimetal), one can systematically explore the cascade
of dynamic HOT phases in three dimensions, when pe-
riodically driven by suitable discrete symmetry break-
ing Wilson-Dirac masses. Specifically, we show that in
5the presence of a single (two) dynamic mass(es) one
can realize second-order (third-order) Floquet topological
phases, supporting one-dimensional hinge (pointlike cor-
ner) modes, see Figs. 1- 4, pinned at zero quasienergy by
an appropriate antiunitary particle-hole symmetry (A).
In experiments, such dynamic masses can in principle be
realized by applying dynamic strain in the system [56].
Here we focus on the high frequency regime, where dif-
ferent Floquet zones remain decoupled [10], and dynamic
hinge and corner modes appear at its center. In the
future, we will explore the medium and low frequency
regimes, where these modes can also be found at the Flo-
quet zone boundaries at quasienergies ±ω/2.
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